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Clearly, dV/dt will be < 0 along any perturbed motion if
Q is positive definite and P is positive definite for all ¢ > 4
and all ze[0, 1], or if the following inequalities are satisfied:
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The preceding inequalities are deduced from those of
Sylvester for positive definiteness of symmetric matrices.
By choosing a constant ¢y satisfying both (7) and (13), the
inequalities (11) and (14) become a sufficient condition for
asymptotic stability. Note that since (1 — a)ve3(wp.lab)? >
0, only the second inequality in (14) needs to be considered.
For the special case where the distributed damping coeffi-
cient k; = 0, « and ¢y may be taken to be

a=1% co = (4 — el 4+ [m(1)/p.ab]} !

where € is any positive number <4. Thus, condition (14) re-

duces to
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The region of asymptotic stability in the vy - (ab) param-
eter plane represented by (15) with a typical set of parameters
is shown in Fig. 2. The result agrees with physical reason-
ing that the stability boundary for v should tend to + o as
the tail surface area (ab) — 0. Since the exact stability
boundary for this system is not known,} nothing can be said
about the sharpness of condition (15).

Finally, it should be remarked that the selection of the
functional ¥V was by no means a straightforward task. In
fact, among the class of quadratic functionals of the state
variables, only (5) was found to be useful. Unfortunately,
there are no systematic methods for constructing the re-
quired functionals starting from the system equations.
This, of course, is the main difficulty in applying Lyapunov’s
direct method. On the other hand, sufficient conditions for
asymptotic stability of equilibrium of more complex flexible
vehicles have been obtained using the approach outlined
here.* Since this method is valid for a rather wide class of
dynamical systems, further investigations on its applications
to aeroelastic stability problems may be fruitful.
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A Single Formula for the Velocity
Distribution in the Turbulent Inner
and Outer Boundary Layers
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Introduction

N applying the integral method for determining turbulent
boundary-layer gross properties, it is necessary to know
the velocity distribution in the viscous sublayer and turbulent
inner and outer layers. More than a dozen investigators
have proposed various analytical forms for the velocity pro-
file, but none of them offer a simple single formula that can be
used directly in the integral method. The nature of these
various profiles is reviewed and summarized in the survey
articles by Kestin and Richardson,! and Spalding and Chi.?
It must be noted that all the investigators, except Reichardt,?
van Driest,* and Spalding,® introduced two or more separate
expressions in order to describe the velocity distribution in
the entire three regions.

For the convenience of integration across the boundary
layer, it is desirable to express the velocity profile by one
simple mathematical formula rather than by two or more dis-
continuous formulas. However, both van Driest’s and
Spalding’s formulas are impractical for the direet application
of the integral method because the former involves the deriva-
tive dys/dus, and the latter gives yx as a function of uy in-
stead of vice versa. Moreover, Reichardt’s and Spalding’s
velocity profiles, as shown in Figs. 1 and 2, do not satisfy the
defect law in the outer portion of the turbulent boundary
layer. Since the major portion of the momentum in the
boundary layer is contained in this turbulent outer layer,
Reichardt’s and Spalding’s formulas are not satisfactory for
the solution of momentum integral equation.

A more suitable velocity profile in the form that can be
used in the integral method is recently derived by Libby et
al.8  Their result does describe both “the law of the wall”
and “the defect law”’ adequately, but, three different forms
including a complicated expression for the outer layer are re-
quired to represent the velocity profile completely.

Instead of using an analytical expression, Coles” has suc-
ceeded in describing the complete velocity profile with a
numerically tabulated wake function. To achieve the
analytical integration of the momentum equation across the
boundary-layer thickness, some modifications of Coles’ ap-
proach are attempted in the present study.

Formulation and Derivation

Based upon the mathematical and physical arguments, the
new expression should be smooth and continuous over the
region of the boundary layer with an analytical form per-
mitting easy integration across the boundary-layer thickness.
It should satisfy the conditions that 1) the normalized
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velocity profile w/u,, where u, = (r.,/p)V?, is equal to u.y/
vy in the viscous sublayer; 2) the profile u/u, is a function of
u,y/v alone in the turbulent inner layer (the law of the wall);
and 3) the profile w/u. is a function of both u.y/r and y/§ in
the turbulent outer layer (the defect law).

With the entire turbulent boundary layer being divided
into three subregions, there are at least six boundary condi-
tions (two at the wall, two at the edge of the boundary layer,
and one edge condition each at the two interfaces of subre-
gions) that must be satisfied by the formula for the new
velocity profile. This requirement made the simplification
of the problem nearly impossible, and it is considered more
advantageous to treat the turbulent region and the viscous
subregion separately. To this end, the velocity profile is
assumed to take the forms

w/ue = Fum Foo == Tuwd/ Ulhe n==y/d 1)

in the viscous subregion and
w/ue=F = c¢lnng + ag + a1n + am® + asn® (2)

in the entire turbulent region. It must be noted that Eq. (1)
is derived from the physical argument that the viscosity and
shear stress are constant in the viscous sublayer, and Eq. (2)
1s the linear superposition of the defect law and the law of the
wall. Denoting ux = /s, yx = uy/v, and R, = u.,6/v,
the five coefficients that appeared in Eq. (2) can be deter-
mined from the conditions that

ugy = Alnys + B
Af /o = Tib/eu, =71 =
R (u./u) (11/70) {11/ €)

atn, << m (3)

atn =m (4)
and
f=1 of/on =0

where A and B in Eq. (3) are known constants.” The sub-
seripts 1, ¢, s, and w represent, respectively, the conditions at
the interface of the inner and the outer layers, the edge of
the outer layer, the edge of the viscous sublayer, and the wall.
Combining these boundary conditions with Eq. (2) yields
five algebraic equations from which the five coefhicients can
be determined. In solving these five equations, it is neces-
sary to know the shear stress ratio /7, and the ratio of
laminar and eddy viscosities u/e. An equation relating these
two quantities can be derived from the expression for the shear
stresses at the interface of turbulent inner and outer layers.
Since

atnp =1 (5)
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Fig. 1 Discrepancy between derived profiles and experi-
mental data.
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Fig. 2 Comparison of velocity profiles.

therefore,

(ri/Tw)(n/€) = 1/Re-A/m (6)

Neglecting the terms that contain 7,2 and higher orders, the
solutions become

C = A/(u./ur), ay = (Us/ues) — Clang, — a1y,
o= —n/s[C2 — 3m) +
6Q(1 — m)]
g = 1/s[(1 — 3¢ + ™
31 — 7@l
as = —1/s[C(1 — 29 +
ZQ(l - 7)1)”
where

Q=1— (u,/u.) + Clan, and S=1—m4—3n)
Thus, the velocity profile in the turbulent region is completely
specified by Egs. (1) and (2) together with (7).

Example and Discussion

Based upon the results of Refs. 6 and 7 for the constant
pressure case, the universal limits

A =25 wu/u,=102 9, =115/R, n = 0131 (8)

can be considered as reasonable values for the application of
the integral technique. Under this condition, the velocity
profile u/u.(n) is uniquely determined from the given flow
conditions R, and u./u,. According to Egs. (8), the coef-
ficients in the velocity profile

u/u. = ¢Inng 4 a0 + am + am® + asn’
can be specified by
C = 2.5/(u./ur)
—0.405(C -+ 3.25Q)

g
i

ap=1—-0Q — (11.5/R,)a1?
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1.805(C + 3.11Q)
—1.405(C + 2.36Q) S

Ii

223

i

az
with
Q =1-—102/(u./u,) + CIn(11.5/R,)

The velocity profile for u./u, = 27.4 and R, = 2500, as
derived from the present approach, is compared with the cor-
responding velocity profiles obtained by other investigators.
Although the theoretical results of the present study and of
Libby et al. are shown, in Fig. 2, to be in fair agreement with
the experimental data, both Spaulding’s and Reichardt’s are
again demonstrated to be inaccurate at the outer layer.
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Fig. 3 Velocity profiles at Rr = 2500.

A similar comparison, plotted in different coordinates, with
the experimental data of Klebanoff as presented by Coles in
Ref. 7 is shown in Fig. 3. Although it is not shown here, the
velocity profiles derived from the present theory are also com-
pared with the experimental profiles at different R, and
u./u, and are proved to be quite satisfactory at a wide range
of flow conditions.

It must be noted that the turbulent boundary-layer prob-
lem can, in the present state of knowledge, be attacked only
by semiempirical method. The extent to which the analysis
is simplified depends on how far it appears possible to derive
or interpret, in an empirical manner, general relations for the
unknown quantities from available experimental data.
Therefore, it is not surprising that the various investigators
have quite different viewpoints with regards to the simplifica-
tion of the problem. In this connection, one may attempt to
simplify the present approach somewhat further by neglecting
the small portion of contribution to the momentum integral
from the velocity profile of Eq. (1). That is, Eq. (2) may be
used throughout the entire region of the boundary layer as
long as the integral approximation is applied for the solution
of the gross quantities (such as the momentum thickness).
The boundary conditions at the wall, however, must be
evaluated from Eq. (1). In conclusion, it may be stated that
the single formula for the velocity profile derived in the pres-
ent analysis provides a relatively simple, consistent, and fairly
accurate means of computing the quantitative descriptions
of the turbulent boundary layer.
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Stepped Circular Kirchhoff Plate
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HE method of initial parameters is becoming increasingly

popular as an approach for solving the deformation prob-
lems of classical advanced strength of materials.! Relative to
many familiar solution schemes, the century-old method of
initial parameters involves algebraically complicated ex-
pressions, a fact that dampened enthusiasm for the approach
until the widespread acceptance of the digital computer as an
engineering tool. The method is characterized by the favor-
able properties of broad scope in covering numerous problems,
ease in applicability to problems with complicated loadings
or boundary conditions, and appeal to engineers wishing to
avoid complex mathematical manipulations and preferring to
retain visible control of the physics of the problem.

The present work is intended to contribute the axially sym-
metric stepped circular plate to the growing catalog of initial
parameter solutions. Solutions have already been estab-
lished for most conceivable forms of the Euler-Bernoulli
beams? and for some circular plates, rectangular plates,
cylinders, rotationally symmetric shells, and arches. In
addition, these fundamental solutions for structural mem-
bers have been extended in bona fide initial parameter form
to the multiple statically indeterminate case of an unlimited
number of intermediate conditions, including diserete
generalized elastic springs or rigid supports (that is, con-
tinuous beams in the case of beams). Much of this work
reached a well-developed state more than a score of years ago
in the Soviet Union.? Today, solutions in this field appear in
German and British literature under such titles as “transfer
matrices” and extensions of “Macauley’s Method,” re-
spectively.

The axially symmetric flexure of a circular plate of stepped
cross section can be handled with classical methods®s by
matching appropriate physical variables at each side of each
step of a sectionally applied solution (such as the initial param-
eter solution®) for the plate of constant cross section. How-
ever, the current work yields for a plate with unlimited steps a
true initial parameter solution that can easily be program-
med for a digital computer. Advantage can be taken of the
usual benefits of initial parameter solutions such as the fully
tabulated values (in terms of the initial parameter functions
and loading functions that vary from member to member)
of the initial parameters themselves.

The fundamental equations describing axially symmetric
bending motion of a circular plate that is subject to the
assumptions of Kirchhoff’s plate theory are given by’ 1) the
loading intensity in force per unit area

1df d[Dd dw
q<’>=7a;{fa;[7a(’a7>]}“
1d dD 1 dw
AR E S R

2) the total shearing force on a cylindrical section of radius r
d 1 d [ dw\T
V(T) = 27r {&;‘ |:D 7 % (7‘ d_7‘>J —

dD (1 dw
a—w o <7 ;ﬁ)}

3) the total radial moment on a cylindrical section of radius r
M(r) = —2mrD [(d*w/dr?) + (u/r)(dw/dr)]
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